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Characterizations of Variable Exponent Hardy Spaces via 

Riesz Transforms 

Dachun Yang, Ciqiang Zhuo* and Eiichi Nakai 

Abstract Let p{-) : R" ^ (0, oo) be a variable exponent function satisfying that 
there exists a constant po G (0,p_), wherep_ := ess infa,gR»i p(a;), such that the Hardy- 
Littlewood maximal operator is bounded on the variable exponent Lebesgue space 
LP<^-)/po(Rriy article, via investigating relations between boundary valued of 

harmonic functions on the upper half space and elements of variable exponent Hardy 
spaces HP^'^W^) introduced by E. Nakai and Y. Sawano and, independently, by D. 
Cruz-Uribe and L.-A. D. Wang, the authors characterize HP^'^W^) via the hrst order 
Riesz transforms when p_ G and via compositions of all the hrst order 

Riesz transforms when p_ G (0, 


1 Introduction 


The main purpose of this article is to establish Riesz transform characterizations of the 
variable exponent Hardy spaces introduced by Nakai and Sawano [14] and, independently, 
by Cruz-Uribe and Wang [5]. Let 5(M”) be the space of all Schwartz functions on M"'. 
Recall that, for all j G {1, ..., n}, the j-th Riesz transform is usually defined by setting, 
for all / G 5(M"’) and x G M”, 




lim C 

(5->-0+ 


(n) 



Vj 

|y|>R 


f{x 


y)dy, 


here and hereafter, d —>■ O'*’ means that 6 G (0, oo) and (5 —>■ 0, C'(„) := and T 

denotes the Gamma function. 

R is well known that the Riesz transform is a natural generalization of the Hilbert 
transform on the real line R to the higher dimension Euclidean space R”. Moreover, Riesz 
transforms are the most typical examples of Calderon-Zygmund operators and have many 
interesting and useful properties (see, for example, [9, 21, 22] and their references). Indeed, 
they are the simplest, non-trivial and “invariant” operators under the acting of the group of 
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rotations in the Euclidean space M"", and also constitute typical and important examples of 
Fourier multipliers. Recall also that, when studying the boundedness of Riesz transforms 
on Lebesgue spaces LP{W^) with p € (0,1], the Hardy space HP{W^) was introduced as 
a suitable substitute of and now plays very important roles in harmonic analysis 

and partial differential equations (see, for example, [3, 7, 13]). 

Beside the boundedness of Riesz transforms or, more generally, Calderon-Zygmund type 
operators on various function spaces including Hardy spaces, the Riesz transform char¬ 
acterizations on Hardy spaces or local Hardy spaces also attract much attention (see, for 
example, [2, 7, 8, 18, 22, 26, 27]). The research on characterizations of Hardy spaces via 
Riesz transforms originated from Fefferman-Stein’s celebrating seminal paper [7] in 1972 
and then was extended by Wheeden [27] to the weighted Hardy space 77)],(M"’). Very re¬ 
cently, Cao et al. [2] established Riesz transform characterizations of some Hardy spaces 
of Musielak-Orlicz type introduced by Ky [11], which essentially extends the results of 
Wheeden [27] and also the corresponding results of Hardy spaces 77^’(M”') (see, for exam¬ 
ple, [22, p. 123, Proposition 3]). As was well known, when establishing Riesz transform 
characterizations of Hardy spaces 77P(M”'), one needs to extend the elements of 77^’(M"') 
to the upper half space := M” x (0, oo) via Poisson integrals. This extension in turn 
has a close relationship with the analytical dehnition of HP{W^) which is the key starting 
point for the study on the Hardy space, before one paid attention to the real-variable 
theory of HP{W^) (see [12, 20, 23, 24]). 

R is known that the Hardy space 77^’(M”) can be characterized by the first order Riesz 
transforms when p G (^^^^,oo) (see [7] or [22, p. 123, Proposition 3]) and by the higher 
order Riesz transforms when p G (0)^^] (see [7, p. 168]). Precisely, denote by 5'(M") 
the dual space of 5(]R"'), namely, the space of all tempered distributions. Recall that 
a distribution / G S'{W^) is called a distribution restricted at infinity if there exists a 
positive number r large enough such that, for all G <S(M”'), f * £ L^(M"'). Then the 

following conclusions hold true, which were obtained in [7] (see also [22, p. 123, Proposition 
3 and p. 133, Item 5.16]). 

Theorem 1.1 ([7]). Let cj) £ <S(M"') satisfy 4>{x)dx = 1. 

(i) If p £ (^^^^,oo), then f £ HP{W^) if and only if f is a distribution restricted at 
infinity and there exists a positive constant Ai such that, for all e £ (0,oo), 

n 

11/ * 0e||LP(R") + l|-^i(/) * 0e||LP(K") ^ ^1) 

where, for all x £ M"', f>e(x) := ^0(f); moreover, [|/[|hp(K'i) ~ 'X’ith implicit equivalent 
positive constants independent of f and e. 

(ii) If m £ N and p £ ( ^_[]'~^^ , oo), then f £ II^(M”') if and only if f is a distribution 
restricted at infinity and there exists a positive constant A 2 such that, for all e £ (0,oo), 

m n 

11/ * 4'e\\LP{R”) + E E ■ ■ ' ^jkif) * ^ ^ 2 ; 

k=l ji, ■■■,jk=^ 

moreover, ||/||_h'p(r") ~ A 2 with implicit equivalent positive constants independent of f and 

e. 
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In this article, we are devoted to extending conclusions of Theorem 1.1 to the variable 
exponent Hardy space which was first studied by Nakai and Sawano [14] and, 

independently, by Cruz-Uribe and Wang [5]. Recall that the variable exponent Lebesgue 
space with a variable exponent function p{-) : M"' —>■ (0,oo), consists of all 

measurable functions / such that dx < oo. As a generalization of classical 

Lebesgue spaces, variable exponent Lebesgue spaces were introduced by Orlicz [17] in 
1931, however, they have been the subject of more intensive study since the early 1990s, 
because of their intrinsic interest for applications into harmonic analysis, partial differential 
equations and variational integrals with nonstandard growth conditions (see [4, 6, 10] 
and their references). The variable exponent Hardy space extends not only 

the variable exponent Lebesgue space LP^'\W^) but also the Hardy space HP{W^) with 
constant exponent. 

Particularly, Nakai and Sawano [14] introduced Hardy spaces with variable exponents, 
HP^'\W^), and established their atomic characterizations which were further applied to 
consider their duals. Later, in [19], Sawano extended the atomic characterization of the 
space in [14], which also improves the corresponding result in [14], and gave out 

more applications including the boundedness of several operators. Moreover, Zhuo et al. 
[31] established their equivalent characterizations via intrinsic square functions, including 
the intrinsic Lusin area function, the intrinsic gf-function and the intrinsic g^-function. 

Independently, Cruz-Uribe and Wang [5] also investigated the variable exponent Hardy 
space HP^'\M.'^) with p{-) satisfying some slightly weaker conditions than those used in 
[14]. Moreover, in [5], characterizations of HP^'^MT') in terms of radial or non-tangential 
maximal functions or atoms were established, and the boundedness of singular integral 
operators were also obtained. 

A measurable function p{-) : M"' ^ (0, oo) is called a variable exponent. For any 

variable exponent p(-), let 

p_ := essinfp(x) and := ess supp(x). 
a;GR" 

Denote by ^(M”) the collection of variable exponents p{-) satisfying 0 < p- < p+ < oo. 

For a measurable function / on M” and a variable exponent p{-) G 'P(M"'), the modular 
Qp(-){f) of / is defined by setting Qp(.){f) := \f{x)\P^^'l dx and the Luxemburg (also 

called Luxemburg-Nakano) quasi-norm is given by 

ll/llLp()(Kn) :=mf{AG (0,oo) : Qp(.){f/X) < l} . 

Then the variable exponent Lebesgue space LP^'\M.'^) is dehned to be the set of all mea¬ 
surable functions / such that Qp[.){f) < oo equipped with the quasi-norm ||/||iP()(Rn). 

Remark 1.2. Let p(-) € R(M”). 

(i) Ifp_ G [1, oo), then L^i'i(M”) is a Banach space (see [6, Theorem 3.2.7]). Particularly, 
for all A G C and / G LPi')(M«)^ l|A/||ip(.)(Rn) = |A|||/||ip(.)(Rn) and, for all f,g€ LP^'^R^), 

11/ + S'lll,p(-)(R") < ll/lll,P(-)(R") + I|5 'IIlp(')(R")- 
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(ii) For any non-trivial function / G it holds true that ^>p(.)(//||/|| 2 ,p{-)(K")) = 1 

(see, for example, [4, Proposition 2.21]). 

(hi) If /iKn[|/(3:)|/(5]^^^^ dx < c for some 6 G (0, oo) and some positive constant c inde¬ 
pendent of 5, then it is easy to see that ||/||ip( )(]Rn) < C6, where C is a positive constant 
independent of 5, but depending on p_ (or p+) and c. 

(iv) (The Holder inequality) Assume that p- G [l,oo). It was proved in [6, Lemma 
3.2.20] (see also [4, Theorem 2.26]) that, if / G and g G then fg G 

Li(M”) and 


/ \f{x)g{x)\dx < C']|/]|p^p(.)(jjn)||5lli,P*(-)(R- 


where p*{-) denotes the dual variable exponent of p{-) dehned by = 1 for 

all X G M"’, with l/oo = 0, and C is a positive constant depending on p_ or but 
independent of / and g. 

(v) Assume that p- G [1, oo). For any given measurable function / on M”, let 


LP(')(R") 


:= sup 


f{x)g{x) dx 


where the supremum is taken over all g G LP*(')(]R"') satisfying ]|fl'lliP*( )(Rn) < 1- Then 


it was proved in [4, Theorem 2.34] that, for all / G L^^'^(M”), ll/llx,p()(Rn) 
with the implicit equivalent positive constants independent of /. 


LP(-'. 




For all r G (0, oo), denote by the set of all locally r-integrable functions on 

M” and, for any measurable set E C M”, by U'{E) the set of all measurable functions f 
such that 

\\f\\Lr{E)-=^jjf{x)fdx'^ < oo. 

Recall that the Hardy-Littlewood maximal operator A4 is dehned by setting, for all / G 
L|oc (IK”) and X G M”, 

M{f){x) :=sup|^/ \f{y)\dy, 


BBx 


IB 


where the supremum is taken over all balls B of M”' containing x. 

For any p{-) G P(M”), p{-) is said to belong to A4P(M”) if there exists po G (0,p_) such 
that the maximal operator Ai is bounded on L^(')/^’“(]R"'). 

For any A^ G N, let 


Tn(MA) 


'■) : sup sup \x°‘d^'ip{x)\ < 1 !• , 

a,/3GZ", |a|, |/3|<iVa:eK" I 


where, for all /3 := (/3i,... ,/3n) G ’E'f, \/3\ := /3i H-h Pn and := (g|^)^i • • • (^)^"- 

In what follows, for all p G iS(M"'), t G (0, oo) and ^ G M”, let ■= t~'^p{f,/t). Then, 

for all / G 5'(M”), the radial grand maximal function fff_^_ is dehned by setting, for all 
X G M”, 


(1.1) 


fN,+ {x) := sup M^ _^(/)(x), 
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where, _|_(/) denotes the radial maximal function of / defined by setting, for all x € M”, 

■= sup 

te(0,oo) 


Definition 1.3. Let p{-) € with po G (0,p_) and N G + re + l,oo). Then 

the variable exponent Hardy space is defined to be the set of all / G SfW^) such 

that G endowed with the quasi-norm ||/||j;^p()(Rn) := ||/w,+ ||i,p()(Kn). 

Remark 1.4. (i) We point out that the variable exponent Hardy space was first studied by 
Nakai and Sawano [14], However, in [14], the variable exponent p{-) G 'P{W^) is required to 
satisfy globally Holder continuous condition, namely, there exist positive constants C'iog(p) 
and Coo, and poo £ such that, for all x, y G M"’, 


\p{x) -p{y)\ < 


_ Clogjp) 

log(e -h l/|x 


2 / 1 ) 


and 


\p{x) - Pool < 


Co 


log(e -I- |x|) 


(ii) Independently, Cruz-Uribe and Wang [5] also studied the variable exponent Hardy 
space, but they only assume that p(-) G A4P(M”). We point out that, if p(-) satisfies 
the globally Holder continuous condition, then p(-) G A4P(M"'); see [4, 6]. Therefore, the 
assumption on p(-) in [5] is slightly weaker than that in [14]. In the present article, we 
only assume that p{-) G A1P(]R"'). 

(hi) Let p(-) G VfMP). If the maximal operator A4 is bounded on then, for 

all s G (l,oo), M is also bounded on (see [5, Lemma 2.12]). 


The main results of this article are stated as follows. 


Theorem 1.5. Let p{-) G with p_ G (//^,oo), / G 5'(M"') and (f> G 5(M”) 

satisfy 4>{x)dx = 1. Then the following items are equivalent: 

(i) / G HP^-\MT); 

(ii) f is a distribution restricted at infinity and there exists a positive constant such 
that, for all e G (0, oo), 


( 1 . 2 ) 


11/ * </e|lLP(')(R") + ll-^i(/) * </e|lLP(-)(R") < ^3- 

1=1 


Moreover, there exists a positive constant C, independent of f, such that 

C ^ll/ll//P(')(R'i) < ^3 < C'[|/||j^p(.)(-R„). 

Furthermore, if P- G [l,oo), then (1.2) can be replaced by 

n 

ll/lll,p(-)(R") + X] ll-^i(/)llLP(')(R'*) - ^3- 


(1.3) 
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Theorem 1.6. Let m € N fl [2,oo) and p{-) € satisfy p- G , oo), and 

let f € and (f> G <S(M”) satisfy f>(x) dx = 1. Then the following items are 

equivalent: 

(i) / G 

(ii) f is a distribution restricted at infinity and there exists a positive constant such 
that, for all e G (0, oo), 


m n 

11/* </’e|lLP(')(R") + (/) * </e|lLP(')(R") ^ ^4- 

k=lji, •••, jfc=l 

Moreover, there exists a positive constant C, independent of f, such that 

C ^II/IIhp(')(R") < ^4 < C'||/||jyp(.)(Rn). 

Remark 1.7. (i) Obviously, when p{-) = p with p G oo), Theorem 1.5 is just Theo¬ 
rem l.l(i) (see also [22, p. 123, Proposition 3]) and, when p{-) = p with p G (^yp^^,oo). 
Theorem 1.6 is just Theorem 1.1 (h) (see also [22, p. 122, Item 5.16]). 

(ii) Observer that, for any p{-) G P(M"'), there exists an m G N such that p- G 
i n+fr^-i 1 ^)- Thus, in Theorem 1.6, we actually obtain the Riesz transform characteriza¬ 
tion of R?’(')(M”') for all p{-) G A1P(M”) with p_ G (0, oo) via different choices of m G N. 

(iii) If / is a distribution restricted at infinity, then, for any j G {1,... ,n}, Rj{f) is 
well defined as a distribution (see [22, p. 123]). 

(iv) Recall that, in [2], Cao et al. characterized the Musielak-Orlicz Hardy space 
HP(M.^), which was introduced by Ky [11], via Riesz transforms. Observe that, if 

(1.4) •= for 9-11 X G M” and t G (0, oo), 

thenR‘^(M”') = HP^'\W^). However, a general Musielak-Orlicz function p satisfying all the 
assumptions in [11] (and hence [2]) may not have the form as in (1.4). On the other hand, 
it was proved in [29, Remark 2.23(iii)] that there exists a variable exponent p{-) satisfying 
the globally Holder continuous condition and hence belonging to A4V{M.'^), but tr’( ) is not 
a uniformly Muckenhoupt weight, which was required in [11] (and hence [2]). Therefore, 
the Musielak-Orlicz Hardy space i7^(M”) in [11] (and hence [2]) and the variable exponent 
Hardy space in [5] (and hence in the present article) can not cover each other. 

This article is organized as follows. 

In Section 2, we aim at giving out the proofs of Theorems 1.5 and 1.6. To this end, via 
borrowing some ideas used in the proof of Theorem 1.1, we not only make full use of the 
non-tangential and the radial maximal function characterizations of but also 

draw supports from properties of harmonic functions. 

Precisely, in Subsection 2.1, we first recall some known results on HP^'\MT) including its 
characterizations in terms of the non-tangential maximal function corresponding to Pois¬ 
son kernels in Lemma 2.2 below (see also [5, Theorem 3.1]) and the non-tangential grand 
maximal function in Lemma 2.4 below (see also [31, Proposition 2.1]). Using these char¬ 
acterizations, we investigate relations between harmonic functions and Poisson integrals 
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of elements of in Proposition 2.5 below, which are further applied in Lemma 

2.7 below to find the harmonic majorant of harmonic vectors satisfying the generalized 
Cauchy-Riemann equation (2.6) below. Moreover, the boundary value of such a harmonic 
vector in turn determines a harmonic function u such that its non-tangential maximal 
function belongs to (see Proposition 2.6 below). To prove Proposition 2.6, we 

need to show that the set n L^+^(M"') with r € [p+, oo) is dense in (M”) via 

the Poisson kernels, which improves [5, Proposition 4.2] in which Cruz-Uribe and Wang 
proved that n (M”) is dense in RP^’^MT') and may be of independent inter¬ 

est. The boundedness of Riesz transforms on RP^'\W^), which is essentially established 
by Cruz-Uribe and Wang in [5], also plays a key role in the proof of Theorem 1.5. 

In Subsection 2.2, by some arguments similar to those used in the proof of Theorem 1.5, 
we prove Theorem 1.6 via tensor-valued functions. We point out that one of important 
facts used in the proofs of Theorems 1.5 and 1.6 is that, for all / G LP^'^W^), 


[ l/(®)l/ll/lll,p(-)(K'i 


p{x) 


dx = 1, 


if 0 < < oo, which is well known (see [4, Proposition 2.21]). Another important 

fact used in the proofs of Theorems 1.5 and 1.6 is that, for any / G RP^'^MJ^) and 
t G (0, oo), the Poisson integral f * Pt € as long as r G [p+, oo), which is proved in 

Lemma 2.9(ii) below. 

Different from the strategy used in the case of Musielak-Orlicz Hardy spaces in [2], 
we do not need to restrict the working space to be RP^'\MP) D L^(M"') to guarantee 
that {Rj{f)}P^i make sense. Indeed, for any / G RP^'\W^), we can prove that / is a 
distribution restricted at infinity (see Lemma 2.9(i)), which is not clear whether it is true 
for elements of Musielak-Orlicz Hardy spaces or not. Thus, for any j G {1, ..., n} and 
/ G RP^'^MJ^), Rj{f) is well defined as a distribution according to Remark 1.7(iii). 

Finally, we make some conventions on notation. Let N := {1,2,... } and Z_|_ := NU {0}. 
We denote by C a positive constant which is independent of the main parameters, but may 
vary from line to line. The symbol A < B means A < CB. A< B and B < A, then we 
write A ^ B. If FJ is a subset of M”, we denote by xe its characteristic function and by 
the set W^\E. For all r G (0, oo) and x G M", let B{x, r) := {y G M” : \x — y\ < r}. 


2 Proofs of main results 

This section is devoted to the proofs of of Theorems 1.5 and 1.6. Precisely, Theorem 1.5 
is proved in Subsection 2.1 and the proof of Theorem 1.6 is presented out in Subsection 

2 . 2 . 

2.1 The case G (^^, C)o) 

In this subsection, we prove Theorem 1.5. To this end, we need more preparations and 
begin with the following notation. 

A distribution / G S'{MA) is called a bounded distribution if, for all "0 G 5(M”'), f *'ip ^ 
For a bounded distribution /, its non-tangential maximal function is dehned by 




Dachun Yang, Ciqiang Zhuo and Eiichi Nakai 


setting, for all a; € M”, 


/|.(x) := sup \f*Pt{y)\, 


pn+1 


where Pt denotes the Poisson kernel, which is defined by setting, for all {x,t) € , 

r([n + l]/2) t 


( 2 . 1 ) 


Pt(x) : = 


7r(n+l)/2 (-^2 |3.|2)(n+l)/2- 


Remark 2.1. It is known that, if / is a bounded distribution, then f * Pt is well defined. 
Indeed, by [22, p.90], we see that there exist and h G such 

that, for all t G (0, oo). 


( 2 . 2 ) p^= 

Thus, if / is a bounded distribution, then f * Pt = f * (V’^^^)t * ht + f * (V’^^^)t and hence 
f * Pt is well defined. Moreover, the function u{x,t) ■= f * Pt{x) for {x,t) G is 

harmonic on (see [22, p. 90]). 

The following conclusion was obtained in [5, Theorem 3.1]. 

Lemma 2.2. Let p{-) G and f G <S'(M"’). Then the following three items are 

equivalent: 

(i) / G RP(')(M”); 

(ii) there exists $ G 5(M"’) with ^(x) dx ^ 0 such that +(/) G 
(hi) f is a bounded distribution and fp G 

Moreover, 

ll/lli?p(-)(R") ~ 1I-^$,+ (/)IIlp(')(K'i) ~ II/pIIlp(')(K'i)) 

where the implicit equivalent positive constants are independent of f. 

Remark 2.3. If / G R^^'^(R"'), then, by Lemma 2.2(iii), / is a bounded distribution. 
Thus, for any / G f * Pt is well defined by Remark 2.1. 

For all G N and / G <S'(M"'), the non-tangential grand maximal function, fp^, of / 
is defined by setting, for all x G M”, fp^^ix) := sup^g 5 ^(Kn) Mp ,^{f){x), where Mp ,^{f) 
denotes the non-tangential maximal function of / defined by setting, for all y G M”’, 


(2.3) Mp^^{f){y) ■.= sup \f*M0\- 

tG(0,oo), |C-?/|<t 

We have the following equivalent characterization of P[P^'\MT) via non-tangential grand 
maximal functions, whose proof can be found in [31, Proposition 2.1] (see also [5, Lemma 
7.9]). 
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Lemma 2.4. Let p{-) € MViW^) with po G (0,p_) and N G (^ + ^ + l,oo). Then 
f G if and only if f & 5'(M”) and /jvv ^ ; moreover, there exists a 

positive constant C such that, for all f G 

^ ll/Ar,vlll,p(-)(K'i) — II/IIhp(-)(K'i) — ^ll/7V,vlll,p(-)(R")- 

Let IX be a measurable function on Then its non-tangential maximal function u* 

is defined by setting, for all x G M”, 

u*{x) := sup \u{y, t)|. 

tG(0,oo), \y—x\<t 


Recall that a function u on is said to be harmonic if, for all t G (0, oo) and 

X := {xi,...,Xn) GM”, dfu{x,t)+ YJj=idlM{x,t) = 0. 

On relations between harmonic functions and Poisson integrals of elements of the vari¬ 
able exponent Hardy space we have the following conclusion. 

Proposition 2.5. Let p{-) G and u be a harmonic function on Then 

u* G if and only if there exists f G such that, for all {x,t) G 

u{x,t) = f * Pt{x). Moreover, there exists a positive constant C, independent of f and u, 
such that 

c ^II/IIhp(')(r") ^ II'^*IIlp(')(r") — ^Il/Il_fxp(-)(R’^)- 

Proof. Assume that there exists / G such that u{x,t) = f *Pt{x) for all {x,f) G 

]^n+i^ Then, by Lemma 2.2, we see that ff G LP^'^MT), which, together with the fact 
that u* = f*p, implies that u* G LP'^'lfRP) and ||u*||ip()(Rn) < ||/|Ihp()(R")- 

Conversely, suppose that u* G LP^''1 (W^). We first claim that u is bounded in any half 
space {{x,t) G : t > e > 0}. We may assume that ||^t*||iP(-)(R'i) > 0- Indeed, observe 

that, for any {x,t) G and y G B{x,t), |it(3:,t)| < u*{y). Then, by Remark 1.2(ii), we 
find that, for all {x,t) G satisfying |tt(x,f)| > ||n*||^p{.)(]j|„). 


\u{x,t)\P- = 


\B(^x, t')\ J 


\u{x,t)\ 


I^*IIlp(-)(R") 


V- 


IIlp(-)(R'i) 


~ 11“ IIlp(-)(R") 


f 

1 

* 

_1 

J 

1 LP(')(R") 


1 p{y) 


Pl-y ll“ llLp(-)(Rn)> 


which shows that, for all {x, t) G with t > £ > 0, 


\u{x,t)\ < (1 + e "''^■)l|w*||i:p(.)(Rn). 

Thus, the above claim holds true. 

Now, we let e G (0, oo) be fixed and /£(•) := xx(-, e). We prove that, for all (x, t) G 


(2.4) 


fe * Pt{x) = u{x,t + £) =: Ue{x,t). 
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Indeed, from the above claim, [25, p.48. Theorem 2.1(b)] and the fact /e is hounded and 
continuous, we deduce that /g * Pt is bounded, harmonic on continuous on the 

closure := M” x [0, oo) and equals to on the boundary M"- x {0}. On the other 

hand, by the assumption on u and the above claim again, we know that u{-,t + e) is also 
bounded, harmonic on continuous on the closure := M” x [0, oo) and has the 

same value with * Pt on the boundary M” x {0}. Thus, by the maximum modulus 
principle of harmonic functions (see [25, p. 40, Theorem 1.5]), we conclude that (2.4) holds 
true. 

Since u* < n* G it follows, from Lemma 2.2, that 

(2-5) ll/£||_H'p(')(K'i) ~ ^ II'“*IIlp(')(K'i)- 

This implies that {/£;}£g(o,oo) is uniformly bounded in and hence in iS'(M”’) due 

to [14, Remark 3.5]. Therefore, by the weak compactness of <S^(M”') (see, for example, [25, 
p. 119]), we conclude that there exist a subsequence {efcjfcgN C (0, oo), —>■ 0 as /c —oo 

and an element / G iS^(M"') such that ^ / as /c —>■ oo in 5^(M”'). Moreover, for any 

G 5(]R"') with 4>(x) dx / 0 and x G M"’, we have 

M| +(/)(x):= sup |/*^>t(x)l= sup lim 1/e^ *4>t(x)l < lim M{ +(/£j(x), 

tG(0,oo) tG(0,oo)^^°° 

which, combined with Lemma 2.2, the Fatou lemma (see [4, Theorem 2.61]) and (2.5), 
implies that 


HP(')(R") ~ l|M{,+(/)llip(.)(„.) 


hm + (/,,: 


A:—>-oo 


LP(-)(R") 


< liminf ~ liminf l|/£jl^p(.)(R„) < llu*||^p(.)(R„) 


This shows that / G and hence f * Pt is well defined due to Remark 2.1. By 

this, (2.2), the facts that u is harmonic and {fek}keN converges to / in 5'(M"’), we hnd 
that, for all {x,t) G 


u{x,t) = lim u{x,t + ek) = lim (/^^ * Pt){x) = {f *Pt){x), 

k—^oo k—^oo 


which completes the proof of Proposition 2.5. □ 

Let F := {uo,ui,... ,Un} be a vector of harmonic functions on Then F is said 

to satisfy the generalized Cauchy-Riemann equation if, for all j, /c G {0,1,... ,n}. 


( 2 . 6 ) 


A duj 
j—0 dxj 


duj duk 
dxk dxj ’ 


where, for any (x, t) G R”"*"^, we let x := (xi,..., x^) and xq := t. 

For the harmonic vector satisfying (2.6), we have the following conclusion. 
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Proposition 2.6. Let p(-) G A1'P(M"') with p- G (^^^,oo) and u be a harmonic func¬ 
tion on Then u* G if and only if there exists a harmonic vector F := 

{uo,ui ,..., Un} satisfying (2.6), uq = u and 

(2.7) sup |||P(-,t)|||ip(.)(R„) < oo, 

tG(0,oo) 

here and hereafter, := (ELokP )^/^. Moreover, it holds true that 

II^*IIlp(')(R") ~ sup |||P(-,t)|||ip{-)(Kri) 

tG(0,oo) 

with the implicit equivalent positive constants independent of u and F. 

To prove Proposition 2.6, we first establish a technical lemma with respect to the least 
harmonic majorant of the harmonic vector considered in Proposition 2.6 (see [25, p. 80] 
for the dehnition of the least harmonic majorant). 

Lemma 2.7. Let p{-) G A1P(M”) satisfy p- G (^^,oo). If F satisfies (2.6) and (2.7), 
then, for any p G [^^,p_), a G (0,oo) and {x,t) G 

(2.8) \Fix,t + a)\<{{\Fi;a)\^*Pt){x)}^/\ 

where Ft denotes the Poisson kernel as in (2.1). Moreover, there exists a measurable 
function g such that g{x) = hma^o+ l-f’(^)0)l pointwise almost every x G M” and 

(2.9) \F{x,t)\<{{g^*P^)ix)}^/\ 


here and hereafter, hmQ_,.o+ means a G (0, oo) and a —)■ 0. 


Proof. To prove this lemma, for all x G M”, o G [0, oo) and t G (0, oo), let Fa{x,t) := 
F{x, t + a) and, for any q G (1, ^), let 


K{\Fai;t)r,t) := [ 

jR" 


l^a(x,t)r , 

(|a:| + l + t)«+i 


We claim that K{\Fa\'^'^, •) is bounded on (0, oo). To see this, for any t G (0, oo), write 


( 2 . 10 ) 

where Et := {x G M"- : \F{x,t + a)| > 1}. 
Obviously, we have 


( 2 . 11 ) 


[ _^_ 

LraG (|x| + l + t)"+i 


dx < 


1 _L + ■ 


I+ 11, 


For I, by Remark 1.2(ii) and the fact that pq < p-, we find that 


I < 


1 

(1 + t)’^+i 


F{x, t + dx 
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< 


1 


< 


< 


(1 

1 

(1 + 

1 


\F{x,t + a)| 


-1 p{x) 




max 


\F{-,t + a)|||j;^p(.)(Rn) 

{|||F(.,t + o)|||';,lll-f'(',t + o)|||';,,,|„„|} 


(TTW^ .SSL -L, ■ 


t€(0,oo) ' ' tG(0,cx)) 

This, together with (2.10) and (2.11), implies that, for all t G (0, oo), 

(2.12) i^(|F„(.,t)r,t) <1 


with the implicit positive constant independent of t. Therefore, the above claim holds 
true. 

Since F satisfy (2.6), it follows, from [25, p.234. Theorem 4.14], that, for any r] € 
is subharmonic (see [25, p.76] for the definition of subharmonic), with 
a G [0, oo). From this, the above claim and [16, Theorem 8 ], we further deduce that the 
least harmonic majorant of \Fa\^ in exists and is given by * Pt, where 5 is a 

measurable function and g{x) = limj^o+ \Faix,t)\ pointwise almost every x G Thus, 
by taking a = 0, we then obtain (2.9); moreover, if a G (0, 00 ), this, combined with 
g = |i^a(.,0)| = |i^(.,a)|, implies that (2.8) holds true. This finishes the proof of Lemma 
2.7. □ 


Remark 2.8. (i) We point out that, in the proof of Lemma 2.7, the condition p_ G 
(^^^, 00 ) is required merely because that we need the fact that \F\^ is subharmonic on 
for any rj G [^^,p_). Thus, if there exists some go G (0,^^) such that 
is subharmonic on then, for all p- G {go, 00 ), the conclusion of Lemma 2.7 still 

holds true. Moreover, if, for all g G (0,oo), is subharmonic on then, for every 

p{-) G M.V{W^), by taking g sufficiently small, we always have p- > g and, therefore. 
Lemma 2.7 holds true for every p{-) G A4P(M”’). 

(ii) In Lemma 2.7, if F satishes (2.6) and 


(2.13) 


sup 

tG(0,oo) 



|F(x,a + t)|w 

(|x| + 1 + t)^+i 


dx < 00 , 


Q G ( 1 ,P-/??) 


for each a G [0,oo), instead of (2.7), then we have the same conclusion. For example, the 
condition that 

sup |||F(.,t)|||i.(Rn) < 00 (rG[p_,cx))) 

tS(0,oo) 

implies (2.13). 

(hi) When p{-) = p £ (^^, 00 ) is a constant. Lemma 2.7 was proved in [22, p. 122] (see 
also [2, Lemma 2.12]). 

To prove Proposition 2.6, we also need a density result as follows. 
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Lemma 2.9. Let p{-) ^ M.V{MP'). Then 

(i) for all f € f is restricted at infinity, namely, for any r E [p+,oo), it 

holds true that /*<!'€ for all $ G 

(ii) for all r G [p+,oo), fl is dense in (W^). Particularly, if 

p+ G (0,1], then n L2(M”) is dense in 

Proof. We first prove (i). We may assume that / 7 ^ 0. By the definition of the non- 
tangential maximal function in (2.3), we see that, for all x G M” and y G B{x, 1), 


(2.14) 


|(/*$)(x)|<M|,^(/)(y). 


If X G M” satisfies that |(/ * ‘h)(x)| > ,^(/)||£^p(.)^]jjn^, then, by integrating on (2.14) 

over B[x, 1), Remark 1.2(ii) and Lemma 2.4, we find that 

1 piv) 

1 f M{^^(/)(y) 


\f*^{x)\P- < 


< 


|B(x, 1)1 J B{x,l) 


mjf) 


l«J.v(/)iri;H(R.) ‘‘y 


< 


n 1 


p- 

HP( 


LP(')(R") _ 
)(R") ^ 


Thus, / * 4> G L°°(M^) and 


(2-15) 11/*‘^||l°°(R’^) ^ II/II//?(■)(R")- 

Moreover, from (2.14) and Lemma 2.4, we deduce that 


(2-16) 11/* ‘^IIlp(')(R^) < l|-^■I>,v(/)llI,P(■)(R") ~ II/IIhp(-)(R’^)- 


Let 

9l ■ / * ^XtxCR'*: |/*'E’(3:)|<1} cind 92 ■ / * d’XliGR”: |/*<I>(x)|>l}• 

Then / * 4* = 5i + 52 and, from (2.16), we easily deduce that gi G U’+{W^) and 52 £ 
LP-(M"'). By this and (2.15), we further conclude that, for any r G [p+, 00 ), /*$ G L'’(M"’) 
and hence / is a distribution restricted at infinity. 

Next, we show (ii). Let / G HP^''i(W^). Then / is a bounded distribution due to Lemma 
2.2 and hence, for any t G (0, 00 ), f * Pt is well defined by Remark 2.3. By the proof of [5, 
Proposition 4.2], we know that {f * Pt}t&{o,oo) converges to / in HP^'^W^). Thus, to prove 
(ii), we only need to show that, for any t G (0, 00 ) and r G [p+, 00 ), f * Pt € L^'''^(M”). To 
this end, let G 5(M”) and h G L^(M"') be as in Remark 2.1 such that (2.2) holds 

true. Then, for all t G (0, 00 ), f * Pt = f * * ht + f * {'4>^'^'^)t. By (i), we see that, for 

any t G (0, 00 ) and r G [p+, 00 ), / * {fi>^^'^)t C for I G {1, 2}, which, together with 

the Minkowski inequality for both norms and integrals, implies that 


PtWi^+r 


< 

/ * 

* ht 

+ 

/ * (1 



\ J t 


^l+r(Rn) 

V 

J t 

< 

f * 


l^t LlfR”') + 

f*(t 


V /t 

/^l + r(]^n) 


\ 


Li+’’(R'i) 
( 2 )" 


1 , 1 +’’(R'*) 


< 00 . 


Therefore, for any t G (0,oo), f * Pt & L^+^(M"'), which completes the proof of (ii) and 
hence Lemma 2.9. □ 
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Remark 2.10. (i) In [5, Proposition 4.2], Cruz-Uribe and Wang proved that n 

is dense in 

(ii) We point out that, under the assumption that p(-) satisfies the globally Holder con¬ 
tinuous condition as in Remark 1.4, by using the C alder on-Zygmund decomposition, Nakai 
and Sawano [14, p.3693] also showed that D L^+p+(M"') is dense in 

In [5, Theorem 8.4], Cruz-Uribe and Wang studied the boundedness of the convolution 
type Calderon-Zygmund singular integrals with sufficient regularity on As a 

special case of [5, Theorem 8.4], we immediately obtain the following conclusion, the details 
being omitted. 

Lemma 2.11. Let p{-) G Then, for any j G {1,... ,n}, the Riesz transform Rj 

is bounded on 

Now we are ready to prove Proposition 2.6. 


Proof of Proposition 2.6. We first prove the sufficiency. Let tt be a harmonic function on 
Assume that F := {uo,ui,... ,Un} satisfies (2.6), (2.7) and uq := u. Since, for any 
V € [^,po) and all t G (0, oo). 


\Fi;t)f 


I eL) 

L ^ I 


= ll|-P’(',i)lllLP( )(K-) < sup 

tS(0,oo) 




it follows that {|T'(-, t)|’^}te(o,cx)) is a bounded set of L p (M""). From this, the reflexivity 

P(-) 

of the Banach space L p (M"') (see [4, Corollary 2.81] and also [6, Theorem 3.4.7]) and 
the weak compactness of reflexive Banach spaces (see [28, p. 126, Theorem 1]), we deduce 

P(-) 

that there exist a subsequence {|F’(',tfc)|^}A:eN and an element /i G T ^ (M”) such that 

p(-) 

tfc —>■ O"'' as fc —>■ oo and {|F’(',tfc)P}fcgN converges weakly to /i in L p (M”). Thus, for any 
g G (M”), we have 

(2.17) lim [ \F{y,tk)\'^g{y)dy = [ h{y)g{y)dy, 


where {^^)* denotes the dual variable exponent of From this, it is easy to deduce 
that h is non-negative almost everywhere in M”. For any given {x,t) G we let 

9o{y) ■= Pt{x — y) for all y G M"". Then g^ G (M”) and, by (2.17), we obtain 


lim \F{-,tk)\^ * Pt{x) = h* Pt{x), 

k^oo 

which, combined with the continuity of jF] and (2.8), implies that, for any given {x,t) G 



F{x,t)\P = lim \F{x,tk + t)\P < lim \F{x,tk)\'^ * Ptix) = h * Pt{x). 

fc—>-oo fc^OO 
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By this, the fact that h * Pt{x) < M{h){x) for all {x,t) G p(-) G together 

with Remark 1.4(iii), (iv) and (v) of Remark 1.2, we conclude that 


(2.18) 




_ < \\M{h)\\% < 

L V (R") L ’J (R'*) 

Xjr] 

h{y)9{y) dy 


\F{yPk)\'^9iy)dy 


r\j 

sup 

/ 


i^{p{-) / ri)* 

jR" 

r\j 

sup 

lim 


II5|Il(p(')/p)*(r7i)G1 

k^oo 

< 

lim |||F(-,4)|^ 

1 P(-) 

L -n 


k^oo 


\/r] 

p(-) 

L V (R>i) 


1/r] 


< sup |||F(-,t)|||^p(.)(iR„x < oo. 

’■) tG(0,oo) 


This implies that u* G LP^'\MP) and finishes the proof of sufficiency. 

Conversely, we show the necessity. Let u be a harmonic function on and u* G 

Then, by Proposition 2.5, there exists / G such that u{x, t) = f*Pt{x) 

for all {x,t) G and 


(2-19) II/IIhp(')(R") ^ II'^*IIlp(')(R")' 

Since n with r G [p+,oo) is dense in (see Lemma 2.9), it 

follows that there exist {fk}keN P D L^+^(R"')) such that fk^f hr 

as k ^ oo and 


( 2 . 20 ) 


ll/fc||_H'p()(R'») ~ II/IIhp(')(R’' 


)■ 


For each A: G N, j G {1, ..., n} and {x, t) G let 


u^j^\x,t) := {fk * Pt)ix) and u^^\x,t) := {fk * Qp^)(x), 

where Pt is the Poisson kernel as in (2.1) and the j-th conjugate Poisson kernel dehned 
by setting, for all x G M”, 

0iP(r\ ■= r([n + l]/2) Xj 

K ) ■ ^(n+l )/2 (^2 |3.|2)(n+l)/2- 

From [25, p. 236, Theorem 3.17] and the fact that {fk}keN C L^+^(R"'), we deduce that 
the harmonic vector Fk := satishes the generalized Cauchy-Riemann 

equation (2.6). Moreover, [21, p. 65, Theorem 3 and p. 78, Item 4.4] implies that, for each 
j G {1,... , n} and all (x, t) G {fk * q[^^){x) = {Rj{fk) * Pt){x), due to the fact that 

{fk}keN C L^'’'^(R”). From this. Lemmas 2.2 and 2.11, and (2.20), we deduce that, for 
any A; G N and j € {1,, n}, 


( 2 . 21 ) 


sup 

t€( 0 ,oo) 




LP(-)(R") 


< 


ll-^i(/fc)llHp(')(R'*) ~ II/a:|Ihp(')(R") ~ II/IIhp(')(R") 
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and, similarly, we also have 
sup 

tG(0,oo) LP(-)(K-) 

By this, (2.19) and (2.21), we find that 


< 




")• 


( 2 . 22 ) 


sup |||.Ffc(-,t)|||^p(.)/g„) < ||/||jyp(-)(R>i) ^ l|u*||ip(-)(R>^)- 

tG(0,cxD) 


Next, we claim that there exists C N such that fcj —>■ oo as z —>■ oo and, for all 

(x, t) G 

(2.23) lim/fc, * Pt(x) = / * Pt(x), lim Rj{fk.) * Pt{x) = Rj{f ) * Pt{x). 

2—)-00 2^00 

Indeed, since {/fejfeGN converges to / in PfP^'^W^), it follows, from Lemma 2.2, that 
lim Wfk *Pt- f* -Pt||i,p(-)(R-) < lim ||/fc - f\\Hp(-)(R^) = 0 

K—^OO ^ ' K—^OO ^ ' 

and, from Lemmas 2.2 and 2.11, that, for any j G {1,... ,n}. 


||-Rj(/fc) *Pt- Rjif) * ^z|lLP( )(Rn) 

~ ll^i(/fe - /)II/ZP(')(R-) ^ Wfk - /||//p(-)(Rn) = 0. 

By this, [4, Proposition 2.67] and Remark 2.1, we further conclude that there exists 
{feijigN C N such that fej ^ oo as z — >■ oo and (2.23) holds true for all {x,t) G 
Therefore, the above claim holds true. 

On the other hand, by Lemma 2.11, we know that {iij(/)}”^^ C which, to¬ 

gether with Lemma 2.2, implies that {Rj(/)}j=i are bounded distributions. Thus, {Rj{f)* 
Pt}]=i are harmonic due to Remark 2.1 and hence F := {f *Pt, Ri{f) *Pt,..., Rn{f) * Pt} 
satishes the generalized Cauchy-Riemann equation (2.6) (see [22, p. 122]). 

Finally, by the above claim, the Fatou lemma (see [4, Theorem 2.61]) and (2.22), we 
conclude that 


sup lllF(-,t)|]|^p(.)(Kn) 
tG(0,oo) 


sup 

t€(0,oo) 


lim \Fkii-,t)\ 
2—)-00 




< sup liminf l||Ffc.(-,t)lllip(.)(R„) < ]|zz*llip(.)(R„). 
ze(o.oo) 


This hnishes the proof of Proposition 2.6. 


□ 


The following lemma can be proved by an argument similar to that used in the proof 
of [15, Theorem 3.5] (see also [30, Corollary 4.20]), the details being omitted. 

Lemma 2.12. Let p{-) G AiP{ML) and p- G [l,oo). Then C LP'\MT) and 

there exists a positive constant C such that, for all f G P[P'\MT), 

II/IIlp(')(E'*) — ^ll/ll/ZP(')(R")- 
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We now turn to prove Theorem 1.5. 

Proof of Theorem 1.5. We first prove “(i)=^(ii)”. Let / G Then, by Lemma 2.9, 

we see that / is a distribution restricted at inhnity. On the other hand, by the dehnition 
of the radial grand maximal function in (1.1) and Lemma 2.11, we easily find that, for all 
e € ( 0 ,oo), 

n 

11 / * /e|lLP(')(R'i) 

3=^ 

n 

^ II/ai,+ IIlp(-)(R") + X!/ ll('^i(/))^,+ llLPl)(R") 

i=i 

n 

~ II/IIhp(-)(R") + ^ ll-^i(/)llHP(-)(R'i) ^ II/II_H'P(')(R")- 
i=i 

Furthermore, if p_ G [l,oo), then, using Lemmas 2.11 and 2.12, we have 

n n 

II/IIlp(-)(R") + II/IIhp(')(R") + EllV(/)llH.O(K»)£ll/llH.H(r). 

i=i i=i 

which completes the proof of “(i)^(ii)”. 

Next, we show “(ii)=>(i)”. Suppose that / is a distribution restricted at inhnity and 
(1.2) holds true. For any e G (0, oo), let := ..., Un^}, where := f^ * Pt, 

:= /e * for each j G {1,... ,n} and fe ■= f * 4>€- Since / is a distribution 
restricted at inhnity, it follows that f * G L^{W^) with r G {1 +p+,oo) and hence 
are harmonic on continuous and bounded on its closure (see [22, pp. 123- 

124]). Moreover, by [25, p. 236, Theorem 4.17], we know that satishes the generalized 
Cauchy-Riemann equation (2.6) and supjg(o,oo) lll-^e(‘)0lllL'’(R") < o®- Thus, by Lemma 
2.7 and Remark 2.8(ii), we see that, for all r] G [^^^,Po) and {x,t) G 

<{\F,ix,0)\^*Pt)ix), 

where Fe(-,0) := {/ * 4>e,Ri{f) * (t>t, ■ ■ ■ ,Rn{f) * 4>e}- By this and Remark 1.4(iii), we 
conclude that, for all e, t G (0, oo), 

iiF.(v)iiw)(..) siiif.i'.ojr.Aii'E siiAi(i^'.(-,o)nii‘E 

L ’J (R") L V (R") 

< ll|T’.(-, 0 )r]|% ~|||T’.(-, 0 )lllip(.)(„.) 

L -n (M^) 

n 

^ 11/ * '('e|lLP(')(R'») + ^ ll-^i(/) * ^e|lLP(')(R'») ~ ^3, 

1=1 

which, implies that sup^g(o,oo) l|T’e(-T)l|j;,p{ )(Rn) < 2 I 3 < oo. Thus, by Proposition 2.6, we 
know that (/e)p G LP^'\W^) and ||(/e)ipl|pp( )(]Rn) < ^ 3 . Observe that f * Pt G L^+''(M"’) 
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when r £ [p_|_,oo) (see the proof of Lemma 2.9(ii)), it follows, from [25, p. 10, Theorem 
1.18], that f*Pt*4>e converges in measure to f*Pt as e —>■ oo, which, together with, the Riesz 
lemma (see, for example, [9, Theorem 1.1.13]) and Remark 2.1, implies that there exist 
{cfclfceN C ( 0 , oo) such that —>• O"'' as /c ^ oo, for all (x, t) £ limfc_^oo f * Pt* 4>ek ~ 

f * Pt- Therefore, for all x £ M” 

/p(x) = sup \f*Pt{y)\= sup lim * Pt(?/)| 

\y—x\<t \y—x\<t^^^ 

< lim sup j/ej, * Pt{y) \ = lim (/,Jp(x), 

fc-S-OO \y-x\<t 

which, combined with Lemma 2.2 and the Fatou lemma (see [4, Theorem 2.61]), implies 
that / £ hP-\R^) and 


//P(')(R") ~ II/pIIlp{')(R" 


< 


lim (/ej 

k^oo 


<A. 


LP(-'. 


This hnishes the proof of “(ii)^(i)”. 

Furthermore, if p_ £ [l,oo), then (1.3) implies that 

{/,Ri(/), .. .,Rn{f)} c C lp-(m-) + m{R^). 


Let / = /o,i + fo ,2 and Rj{f) = fj,i + fj ,2 for all j £ {1,... , n}, with fj^i £ L^- (M"-) and 
fj ,2 & LP+(R^) for all j £ {0,1,... , n}. Then, for all (x, t) £ 

F{x,t) := {f*Pt{x),Ri{f)*Ptix),...,Rn{f)*Pt{x)} 

= {hi * Pt{x) + /o,2 * Pt{x), . . . , /n,l * Pt{x) + fn,2 * Pt{x)} 


and hence 


n 2 

\Fh,t)\<'^'^\fj^i*Pt{x)\, sup \\fj,i*Pt\\ LP-(Rn)+ sup ||/j,2 * -Pt||pP+(Rn) < OO, 
j=o i=i te(0,oo) te(0,oo) 

and 

lim f*Pt = f, lim Rj{f) * Pt = Rj{f), j £ {1,...,n}, 

pointwise almost everywhere (see [4, Theorem 5.8]). Thus, by an argument similar to that 
used in the proof of (2.12), we conclude that (2.13) holds true for y £ [^^^,po) and hence, 
by Remark 2.8(ii), we know that, for all {x,t) £ 

iF(x,t)r <(iF(.,o)r*PO(^), 

where F{-,0) ■= {/)-Ri(/)) • • • >-Rn(/)}- From this, p{-) £ A4P(M”) and Remark 1.4(iii), 
we further deduce that 
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< ||A((|F(-,0)|’)1|^5,„ < |||f(-,0)nii5.„, ~ |||T(-, 0 )|||„,)(.») 

n 

^ II/IIlp(-)(R") + X/ ~ "^3- 

1=1 

Therefore, by Lemma 2.2 and Proposition 2.6, we have 

II/IIhp(-)(R'*) ~ II/pIIlp(')(R") ~ sup ^)IIlp(')(R’^) ~ ^3- 

tS(0,oo) 

This hnishes the proof of Theorem 1.5. □ 


2.2 The case p_ G (0, 

In this subsection, we prove Theorem 1.6 and begin with some notions. Following [22, 
p. 133], let m G N and {eo, ei,..., e^} be an orthonormal basis of Then the tensor 

product of m copies of is dehned to be the set 

min 
I jli 



where Cj^ (8) ■ ■ ■ 0ej^ denotes the tensor product of ..., ej^, and each G G is 

called a tensor of rank m. 

m 

Let G : be a tensor-valued function of rank m of the form that, for 

all {x, t) G 


n 

(2.24) G{x,t)= Yj Gj,,...j^{x,t)ej,^---^ej^ 

il) •••) 


with Gj^^,,,^j^{x,t) G C. Then the tensor-valued function G of rank m is said to be 
symmetric if, for any permutation cr on {1,..., m}, ji, ..., jm G {0, 1, ..., n} and (x, f) G 


G 


Jly ■■■ijm 


{x, t) = G 


Jc7{l) ) • • •» J(T{m) 


{x,t). 


For G being symmetric, G is said to be of trace zero if, for all j 3 , ..., jm G {0, 1, ..., n} 
and {x, t) G 

n 

X!/ = 0 . 

1=0 


m 

If G^^\ G(2) g (g)M^+i and 


G“> =, E G®,..., 

jli •••> jVn —0 


i ^jl 

Jm 


■ ■ ■ ® ®lm ) ^ G { 1 , 2 }, 


20 


Dachun Yang, Ciqiang Zhuo and Eiichi Nakai 


then define the product of and by setting 



E 


r^(i) 


^( 2 ) 


jli •••? Jm —0 


jm ’ 


m +1 

Let G be as in (2.24). Its gradient V G : —>■ is a tensor-valued function 

of rank m -|- 1 of the form that, for all (x, t) G 


V G{x, t) (x, t) 0 Cj 

j=0 

n n 

= Y1 Y1 —® • • • <^ ® ej, 

j=0 jl,...,jm=0 ^ 


here and hereafter, we always let xq := t. A tensor-valued function G is said to satisfy the 
generalized Cauchy-Riemann equation if both G and V G are symmetric and of trace zero. 
Obviously, if m = 1, this definition of generalized Cauchy-Riemann equations is equivalent 
to that as in (2.6). For more details on the generalized Cauchy-Riemann equation on 
tensor-valued functions, we refer the reader to [24]. 

The following conclusion is just [1, Theorem Ij. 

Lemma 2.13. Let m G N and u be a harmonic function on Then, for all rj G 

[ „+m-i ’ subharmonic, where, for all {x,t) G 

V™u(x,t) := {5“u(x,t)}„g^n+i_|„|^^ 


and, for all a := {oq, 
and 


, an} G , |a| •“ (dxo)°‘° ''' 


iV’^ul := 


E \iru{x,t)f 

QGZ"+h |a|=m 


. 


The following lemma was proved in [26, Theorem 14.3] (see also [25]). 


Lemma 2.14. Let m G N H [2,oo), G be a tensor-valued funetion of rank m satisfying 
that both G and V G are symmetric, and G is of trace zero. Then there exists a harmonic 
function u on such that = G, namely, for all ji, ■ ■ ■, jm S {Oj 1) • • • j^} ^.n-d 

{x,t) G 

d d 

C/Xjj 

From Lemmas 2.13 and 2.14, we easily deduce the following conclusion. 


Corollary 2.15. Let m G Nn[2, oo) and G be a tensor-valued function of rank m satisfying 
that both G and V G are symmetric, and G is of trace zero. Then, for all rj G [ ^_]]'~^^ , oo), 
|G|^ is subharmonic on 
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Proposition 2.16. Let p{-) G m G N and p- G , oo). Assume that u 

is a harmonic function on and G is a tensor-valued function of rank m satisfying 

generalized Cauehy-Riemann eguation such that (G, (8)™'eo) = u and 

sup ||G(-,t)||ip(.)(Rn) < oo. 

tS(0,oo) 

Then u* G LP^'\MT) and there exists a positive constant C such that 

II^*IIlp(')(R") — ^ sup II G(-,t)||£^p(.)/R„N. 

tG(0,oo) 

Proof. Let rj G ,P-). Observe that G satisfies the generalized Cauehy-Riemann 

equation, it follows, from Corollary 2.15, that is subharmonic. Thus, by Lemma 2.7 
and its proof, we find that, for all a G (0, oo) and {x,t) G 

\G{x,t + a)\^ <{\G{;a)\^*Pt)ix). 

On the other hand, it is easy to see that 

sup |||G(-,t)|^||\(.) = sup |||G(-,t)|||^p(.)(Rn) < oo, 

te(0,oo) L V (K'l) tG(0,oo) 


namely, {| G(-, t)|^}tg(o,cx)) is bounded in L p (M”). Then, by an argument similar to 
that used in the proof of Proposition 2.6, we conclude that there exist a subsequence 

p(') 

{G{-,tk)}keN and h £ L ^ (M”) such that h is non-negative almost everywhere in M” and, 
for all {x,t) G 

\G{x,t)\^ = lim \G{x,tk + t)\'^ < lim \G{x,tk)\'^ * Pt{x) = h * Pt{x). 

k^oo k—yoo 

Moreover, by this, we see that, for all x G M"', 


u*{x) = sup \u{y,t)\= sup |(G(y,t),( 8 ™eo)| 

\y-x\<t \y-x\<t 

< sup \G{y,t)\ <[M{h){x)]h 

\y-x\<t 


and hence, by an argument similar to that used in the proof of (2.18), we find that 




)(R") ~ 


[M{h)Y 




This finishes the proof of Proposition 2.16. 


□ 


We now prove Theorem 1.6. 
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Proof of Theorem 1.6. To prove this theorem, it suffices to show “(ii)^(i)”, since the proof 
of “(i)^(ii)” is similar to that of Theorem 1.5. 

For all e G (0,oo) and {x,t) G let fe{x) := / *(l)e{x)., 

:= {Rj,---RUfe)*Pt){x) 

and 

OO 

G^^\x,t) := j^{x,t)ej, (g) ■ ■ • ® 

jli ■■•1 Jm=0 

where Pt denotes the Poisson kernel as in (2.1) and Rq := I denotes the identity operator. 
Since f ^ with r G [p+, oo) due to Lemma 2.9(i), it follows, from the Fourier 

transform, that both and V are symmetric, and is of trace zero. Then, by 
Proposition 2.16, we find that {fe)*p G and ||(/£;)p||i;,p{ )(Kn) < A 4 . On the other 

hand, by the proof of Lemma 2.9(ii), we see that f * Pt ^ From this, [25, p. 10, 

Theorem 1.18] and the fact that (j){x) dx = 1, we deduce that f * Pt * (pe converges to 
f * Pt in measure as e —>■ 0, which, combined with the Riesz lemma (see, for example, [9, 
Theorem 1.1.13]), implies that, there exist {efcjfceN C (0, 00 ) such that —>■ O"'' as A: —>■ 00 
and, for any given {x,t) G 

lim fe^ * Pt{x) = lim. f *Pt* (peuix) = f * Pt{x). 

k^oo k^oo 

From this, we further deduce that, for all x G R”, 


fp{x) = sup \f*Pt{y)\= sup lim \fe^ * Pt{y)\ 

\y-x\<t \y-x\<tl^^°° 

< lim sup 1/e, * Pt{y)\ = lim (/ejp(x). 
k^OO\y-x\<t 


By this and the Fatou lemma ([4, Theorem 2.61]), we conclude that 

- II(/£JpIIlp( )(k-) ^ A4. 


pp(-)(K'i) < 


lim (/e, * Ptf 
k—>-oo 


LP(-)(R^) 


Therefore, / G IIpG(R’^) and |l/|lpp( )(Rn) < A 4 , which completes the proof of Theorem 

1 . 6 . □ 
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